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Abstract
We prove that a hypergroup admitting a countable basis and an
invariant Haar measure has normed convergence property if and only
if it is compact.
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Let K be a (locally compact) hypergroup and P(K) be the space of all
regular Borel probability measures on K equipped with the weak topology.
For x ∈ K, δx denotes the probability measure concentrated at x and for
µ ∈ M1(K), xµ and µx denote δx ∗ µ and µ ∗ δx respectively. Also, for
µ1, µ2 ∈ P(K), µ1µ2 denotes µ1 ∗ µ2.
Definition A hypergroup K is said to have normed convergence property if
for any sequence (µn) in P(K), there exists a sequence (xn) in K such that
(xnνn) is relatively compact where νn = µn · · ·µ2µ1 for all n ≥ 1.
It is well-known that a locally compact group has normed convergence
property if and only if it is compact (see Theorem 2.3.2 of [5]) and a Moore
hypergroup has normed convergence property if and only if it is compact (see
[3]). In this short note we extend the afore-mentioned result to hypergroups
admitting an invariant Haar measure.
Let K be a hypergroup admitting a right-invariant Haar measure m. Let
Lp(K) be the space of p-integrable functions on K for 1 ≤ p < ∞. Let
M1(K) be the space of all non-negative measures on K with total measure
1
less than are equal to 1. Now, for any µ ∈M1(K) and for 1 ≤ p ≤ ∞, define
Pµ:L
p(K)→ Lp(K) by
Pµ(f)(x) =
∫
f(xy)dµ(y) =
∫
f(y)d(xµ)(y)
where f(xy) =
∫
f(z)d(δx ∗ δy)(z), for all x ∈ K. It is easy to see that Pµ is
a contraction on Lp(K) for any µ ∈ M1(K) and any 1 ≤ p ≤ ∞. The map
µ 7→ Pµ is an injection, so we may view M
1(K) as a subspace of bounded
linear operators on L2(K).
We now recall the following topologies on M1(K):
1. weak topology onM1(K) is the weakest topology for which the function
µ 7→ µ(f) is continuous for all bounded continuous functions f on K;
2. vague topology on M1(K) is the weakest topology for which the func-
tion µ 7→ µ(f) is continuous for all continuous functions f with compact
support;
3. weak operator topology (respectively, strong operator topology) on
M1(K) is the subspace topology inherited from the space of bounded
linear operators on L2(K) with weak operator topology (respectively,
strong operator topology).
For a locally compact group G, it is well-known that onM1(G) the vague
and weak operator topologies coincide and on P(G), the weak, vague and
weak operator and strong operator topologies coincide (see Lemma 6.1.23
of [5]). The following extension of this result may be proved arguing as in
Lemma 6.1.23 of [5] and we omit the details.
Proposition 1 Let K be a hypergroup admitting a countable basis and a
right-invariant measure. Then we have the following:
1. on M1(K), the vague and weak operator topologies coincide;
2. on P(K), the weak, vague and weak operator and strong operator topolo-
gies coincide.
In particular, M1(K) is compact in the weak operator topology.
We next prove the following:
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Lemma 1 Let K be as in Proposition 1. Suppose (µn) is a sequence in P(K)
such that (xnµn) is relatively compact. Then there exists a f ∈ L
2(K) such
that ||Pµn(f)||2 6→ 0.
Proof Since (xnµn) is relatively compact, there exists a δ > 0 and a com-
pact set C such that xnµn(C) > δ for all n ≥ 1.
Let f be a continuous function on K with compact support such that
0 ≤ f ≤ 1 and f(x) = 1 for all x ∈ C. Then
Pµn(f)(xn) =
∫
f(y)d(xnµn)(y) > δ
for n ≥ 1. Let (hj) be a compactly supported left approximate identity in the
space of continuous functions vanishing at infinity. Then as in Proposition
3.1 of [4], we have
||Pµn(f)||∞ ≤ ||hj ∗ f − f ||∞ + ||Pµn(f)||2||hj||2
where hj ∗ f(y) =
∫
hj(x)f(xy)dm(x). Since ||Pµn(f)||∞ > δ > 0 for all
n ≥ 1, we get that ||Pµn(f)||2 6→ 0.
Theorem 1 Let K be a hypergroup admitting a right-invariant Haar mea-
sure and a countable basis. Then K has normed convergence property if and
only if K is compact.
Proof It is well-known that compact hypergroups have normed convergence
property. We now prove the ’only if’ part. Suppose K has normed conver-
gence property. Let µ ∈ P(K) be a symmetric measure such that the support
of µ is K. Then by assumption, there exists a sequence (xn) such that (xnµ
n)
is relatively compact. By Lemma 1, we get that
||P nµ (f)||2 6→ 0
as n → ∞ for some continuous function f with compact support. By con-
vergence of alternating sequences (see [1]), in the strong operator topology
P 2nµ → P
where P is a bounded linear operator on L2(K). This implies that P is a
self-adjoint projection. By Proposition 1, there exists a ρ ∈ M1(K) such
that P = Pρ. Since P
n
µ (f) 6→ 0, ρ 6= 0 and ρ
2 = ρ. This means that ρ is
the normalized Haar measure on a compact subhypergroup H of K (see [2]).
Since P 2µP = P , we get that the support of µ
2 is contained in H (see [2]).
Since the support of µ is K, we get that K = H and hence K is compact.
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